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We study physical consequences of the Einstein equivalence principle (EEP) for
a Hubble observer in the conformally-flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) spacetime covered by global coordinates yα = (η, xi) where η is a con-
formal time. In accordance with EEP, we introduce the local inertial coordinates
xα = (x0, xi) in the vicinity of the observer’s world line with the help of a coordinate
diffeomorphism, yα = yα(xβ), called the special conformal transformation that re-
spects the local conformal equivalence between the tangent spacetime of the observer
and the FLRW background manifold. The local inertial metric is Minkowski flat,
fαβ = diag(−1, 1, 1, 1) and materialized by a congruence of time-like geodesics of
static observers being at rest with respect to the local spatial coordinates xi. The
static observers are equipped with the ideal clocks measuring their own proper time
which is synchronized with the proper time τ measured by the Hubble observer. The
local inertial metric is used for physical measurements of spacetime intervals rendered
with the ideal clocks and the ideal rigid rulers. The special conformal transformation
preserves null geodesics but does not keep invariant time-like geodesics. Moreover, it
makes the rate of the local time coordinate x0 = x0(η), as a function of the conformal
time η taken on the world line of a particle, be dependent on the velocity of the par-
ticle. Hence, it is not possible to rich the uniform parametrization of the world line
of a static observer and that of the light geodesics with one and the same parameter
of the proper time taken on the world line of the static observer. If we denote the
proper time of the static observer τ and the parameter along the light geodesic λ,
they have to differ by the conformal factor a(τ) of FLRW metric as a consequence
of the special conformal diffeomorphism. The most convenient way, then, to study
the local propagation of light in cosmology is achieved in terms of the optical metric
gαβ induced by projecting FLRW metric on the light cone which characteristics are
2parametrized by the proper time τ of the Hubble observer. The local optical metric
is orthogonal but not flat for it depends on the scale factor a(τ) of FLRW universe
that can be interpreted as an appearance of a weak violation of EEP for photons if
we pretend to treat the background spacetime as asymptotically-flat. The impor-
tance of this observation is that, at least, some of the local astronomical experiments
conducted with freely-propagating electromagnetic waves are to be sensitive to the
Hubble expansion, if our mathematical model conforms to reality. We analyse some
of these experiments and demonstrate that the Hubble constant, H = a˙/a, can be
measured within the solar system by means of high-precision spacecraft Doppler
tracking as a systematic blue shift of frequency of radio waves circulating in the
Earth-spacecraft radio link. We also analyze the behavior of the standing wave in a
microwave resonator cavity on cosmological manifold and show that contrary to the
freely-propagating radio wave, the standing wave in the cavity is insensitive to the
Hubble expansion.
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3I. INTRODUCTION
Modern physics is intensively looking for the unified field theory that might explain the
origin of the universe and the underlying fundamental nature of spacetime and elementary
particles [1]. This work requires deeper understanding of the theoretical and experimental
principles of general relativity. It is challenging to find a new type of experiments that
broaden the current knowledge. An appealing problem is to examine a presumable link
between the local gravitational phenomena and the global cosmological expansion of the
universe that is to test the foundational basis of the Einstein equivalence principle (EEP)
in application to a conformal metric with a time-dependent scale factor.
It is commonly accepted that EEP in general relativity is universally valid because grav-
itational field in general relativity has a pure geometric nature [2]. Indeed, it is always
mathematically possible to find a local diffeomorphism which reduces manifold’s metric to a
Minkowski metric in a sufficiently small neighborhood of a time-like world line of observer if
tidal forces are neglected. This mathematical fact was a clue that led Einstein to formulation
of his general principle of relativity (also known as the principle of covariance [3]) and, later
on, to the discovery of general relativity as a physical theory of gravitational field [4, 5].
The apparent mathematical nature of EEP caused some physicists to deny its physical
significance [6]. The present paper neither shares this extremal point of view nor confronts
the solid mathematical foundation of EEP. We focus on a more subtle aspects of EEP,
namely,
1. comparison of the inertial motion of test particles along time-like and light geodesics
on conformal manifold of cosmological background metric considered from the local
point of view of a Hubble observer,
2. derivation of experimental consequences that can be used for testing the Hubble law
in the local experiments thus, confirming the universality of cosmological metric at
different scales from clusters of galaxies down to the solar system and terrestrial lab-
oratory.
So far, all gravitational experiments in the solar system have been interpreted under
a rather natural assumption that the background spacetime geometry is asymptotically-
flat [7]. On the other hand, theoretical and observational cosmology postulates that the
4background spacetime is described by the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW)
metric
ds2 = −dt2 +R2(t)
(
1 +
1
4
kr2
)−2
δijdy
idyj , (1)
where t is the universal cosmological time, yi are the global isotropic coordinates, Latin
indices i, j, k, .. take values 1, 2, 3, k = {−1, 0,+1} defines a curvature of space, and the
scale factor R(t) is a function of time found by solving Einstein’s equations [8, 9]. Here and
everywhere else, we use a geometric system of units in which the fundamental speed, c, and
the gravitational constant, G, are set equal to unity: G = c = 1. Usually, FLRW metric is
considered as a result of averaging over rather large spatial volumes and, hence, is applicable
only globally while a local geometry is approximated by the Minkowski spacetime. If this is
true, there must be a smooth matching between the global and local geometries allowing us
to eliminate any cosmological effect associated with the Hubble expansion in a local frame
of a Hubble observer. This is exactly the realm of EEP which we shall explore in the present
paper.
In what follows, we admit k = 0 in accordance with observations [10] but it does not limit
the results of this paper since the effects associated with the space curvature, k = ±1, are
beyond the linearised Hubble approximation which is applied in the present paper (that is
we consider only terms being linear with respect to the Hubble constant). FLRW metric (1)
is not asymptotically-flat and has a non-vanishing spacetime curvature tensor R¯αβγδ where
the Greek indices α, β, γ, ... take values 0, 1, 2, 3. Nonetheless, the Weyl tensor of FLRW
metric, C¯αβγδ ≡ 0. Hence, (1) can be reduced to a conformally-flat metric for any value of
space curvature k [11]. When k = 0, it is achieved by transforming the cosmological time t
to a conformal time, η = η(t), defined by an ordinary differential equation
dt = a(η)dη , (2)
where the scale factor, a(η) ≡ R[t(η)]. The time transformation (2) brings the cosmological
metric (1) into the conformally-Minkowskian form
ds2 = a2(η)fαβdy
αdyβ , (3)
where yα = (y0, yi) = (η, yi) are the global conformal coordinates, fαβ = diag(−1, 1, 1, 1)
is the Minkowski metric. The reason for denoting the Minkowski metric as fαβ instead of
5the conventional ηαβ is to prevent a confusion with the standard notation for the conformal
time η.
Equation (3) reveals that FLRW spacetime has two metrics – the physical metric g¯αβ ≡
a2(η)fαβ and an auxiliary flat metric fαβ – both residing on the global cosmological manifold
M. Metric g¯αβ defines the metric relationships in physical spacetime (M, g¯αβ) while the
Minkowski metric fαβ determines the metric properties of the conformally-flat Minkowski
spacetime (M, fαβ). It is important to emphasize that the conformally-flat spacetime is
not physical and serves merely as a mathematical device to specify the global geometric
properties of FLRW universe [12].
The two metrics generate two affine connections on FLRW manifold [12]. The first affine
connection is introduced as the Christoffel symbol, Γ¯αβγ, made out of the metric g¯αβ. The
second (flat) connection is defined as the Christoffel symbol, Gαβγ , being compatible with the
Minkowski metric fαβ . We denote the physical spacetime (M, g¯αβ, Γ¯
α
βγ) and the conformally-
flat spacetime (M, fαβ,G
α
βγ). The two connections are interrelated
Γ¯αβγ = G
α
βγ + C
α
βγ , (4)
where
Cαβγ = δ
α
β∂γ ln a+ δ
α
γ ∂β ln a− ηβγη
αµ∂µ ln a , (5)
is a tensor, called the Weyl connection [13], and ∂α ≡ ∂/∂y
α. Partial derivative ∂α ln a =
−Hu¯α where H = d ln a/dt is the Hubble constant, u¯α = g¯αβu¯
β, and u¯α is a tangent vector
to the time-like geodesic worldline of a Hubble observer normalized such that g¯αβu¯
αu¯β = −1.
In the global coordinates (t, yi) of FLRW metric (1) the four-velocity of the Hubble observer
u¯α = (a−1, 0, 0, 0).
The rule of the parallel transport on the physical FLRW manifold (M, g∗αβ,Γ
∗α
βγ) is defined
by picking up a specific value of the flat connection in (M, fαβ ,G
α
βγ) . It is postulated that
the Christoffel symbols Gαβγ(y) = 0 in the global conformal coordinates, y
α, and in any other
coordinates that are related to yα by the Poincare´ transformation [12]. This choice of the flat
connection yields, Γ¯αβγ(y) = C
α
βγ, so that the equations of geodesics in (M, g
∗
αβ,Γ
∗α
βγ) become
fully determined. The reader should remember that in arbitrary (curvilinear) coordinates,
xα, introduced on the cosmological manifold, M, the flat connection Gαβγ(x) is not nil and
the general equation (4) must be applied to find our Γ¯αβγ(x) in the curvilinear coordinates.
In any case, the curvature tensor of FLRW manifold is defined by the connection Cαβγ(x)
6only [12]
R¯αβµν = C
α
βν,µ − C
α
βµ,ν + C
α
µγC
γ
βν − C
α
νγC
γ
βµ . (6)
and can be calculated directly in terms of the scale factor of FLRW metric.
According to Einstein’s general relativity and the definition of FLRW metric, the cos-
mological time t is a physical proper time τ of the Hubble observer and can be measured
with the help of the observer’s atomic clock while the conformal time η is a convenient
coordinate parameter which is calculated from the clock’s reading but cannot be measured
directly [8, 9]. Typically, the cosmological metric (3) is applied to describe the properties of
spacetime on the scale of galaxy clusters and larger. On small scales of the size of the Milky
Way, the solar system and terrestrial lab, the background spacetime is believed to be flat
with any cosmological effect being strongly suppressed. Nevertheless, the question remains
open: if we admit FLRW metric to be valid on any scale, can the cosmological expansion
be detected in local gravitational experiments? Review article [14] gives a negative answer
to this question. Our recent paper [15] on celestial dynamics in an expanding universe chal-
lenges this opinion. The present paper supports our previous analysis by analysing EEP
from the point of view of measurements made locally by a Hubble observer.
Similarly to [14, 15], we postulate that FLRW metric (3) is a physical metric not only in
cosmology but for the description of the local physics as well. It describes the background
spacetime geometry in the global coordinates yα on all scales spreading up from the cosmo-
logical horizon to the solar system and down to a local observer. The small parameter in
the approximation scheme used in the present paper, is the product of the Hubble constant,
H , with the interval of time used for physical measurements. All non-linear terms of the
quadratic order with respect to the small parameter (formally, the terms being quadratic
with respect to H) will be systematically neglected because of their smallness.
The collection of the linear-order terms in the expansion of cosmological equations with
respect to the Hubble constant, is termed the linearised Hubble approximation. In this
approximation we do not consider the effects of cosmological curvature - only the metric
tensor and the affine connection (the first derivatives of the metric tensor along with the
Weyl connection) are involved into the mathematical treatment. This is exactly the realm
of EEP. We shall also neglect all special-relativistic and post-Newtonian effects which must
be included to the realistic data analysis of observations in the solar system. These effects
are described in [3, 16], and can be easily accounted for, if necessary.
7We introduce the reader to the concepts associated with the Einstein equivalence principle
in section II and discuss construction of the local inertial frame in section III. The inertial
and optical metrics on the tangent spacetime in local coordinates are derived in sections IV
and V respectively. Section V also explains why we have to use the optical metric locally
for physical interpretation of light propagation. The optical metric is used in section VI to
derive equation of light geodesics in local coordinates. We solve these equations in section
VII and employ them for investigation of observability of cosmological effects in the solar
system. We also explore the case of a resonant cavity in section VIII to see if the local
cosmological expansion can be detected by precise time metrology. Final comments and
discussion are given in section IX.
II. EINSTEIN’S PRINCIPLE OF EQUIVALENCE
A thorough treatment of the local astronomical measurements on cosmological manifold
inquires a scrutiny re-examination of Einstein’s equivalence principle (EEP) which states:
“In a given gravitational field, the outcome of any local, non-gravitational experiment is
independent of the freely-falling experimental apparatus’ velocity, of where and when in the
gravitational field the experiment is performed and of experimental technique applied” [17].
Mathematical interpretation of EEP suggests universality of local geometry in the sense that
at each point on a spacetime manifold with an arbitrary gravitational field, it is possible
to chose the local inertial coordinates such that, within a sufficiently small region of the
point in question, all laws of nature take the same form as in non-accelerated Cartesian
coordinates [3, 18].
It is generally accepted that EEP is applicable to any kind of spacetime manifold, in par-
ticular, to the manifold of FLRW universe [14] which is described by a conformally-flat metric
(3). We noticed [15, 19] that due to the conformal nature of FLRW manifold, the propa-
gation of light in local coordinates differs from its propagation in the Cartesian coordinates
of flat spacetime. This paper continues to study this cosmologically-related phenomenon
with the aim to reach a more comprehensive understanding of the influence of the Hubble
expansion on the local motion of photons. It draws to the conclusion that EEP is violated
for photons propagating on cosmological manifold due to the local conformal equivalence
of FLRW and Minskowsky metrics. The conformal equivalence of the metrics preserves the
8equivalence between light geodesics but it does not suggest the conformal equivalence be-
tween time-like geodesics [12]. Transformation to the local frame on cosmological manifold
cannot make the affine connection nil simultaneously along time-like and light geodesics on
FLRW manifold. We shall solve this ”mistery” in the following sections of the present paper.
According to EEP a Hubble observer carries out the local inertial coordinates (LIC),
xα = (x0, xi) such that the physical metric g¯αβ ≡ a
2(η)fαβ , given by (3), is diffeomorphic
to the Minkowski metric, fαβ , with the affine connection being nil on the observer’s world
line [20–23]. EEP also asserts that the worldlines of freely falling (electrically-neutral) test
particles and photons are geodesics of the physical metric g¯αβ with an affine parametrization.
It presumes that in LIC, the geodesic equations of motion of all test particles – massive and
massless – can be written down as
d2xα
dσ2
= 0 , (7)
where σ is the affine parameter along the geodesic, under condition that the tidal (caused
by the Riemann curvature of FLRW spacetime) force is neglected [24]. The parameter σ
can be chosen to be equal to the coordinate time x0 of LIC which, in its own turn and under
conventional choice of units, can be made equal to the proper time τ of the Hubble observer
located at the origin of the local coordinates. This can be done for any type of geodesics -
time-like and light-like. Indeed, if we accept that (7) is true, then, it tells us that x0 = τ is
a linear function of σ and, hence, a re-parametrization of (7) with τ transforms it to
d2xα
dτ 2
= 0 . (8)
This equation, when applied to a photon and solved, yields the photon’s world line
x0 = τ, xi = kiτ , where ki is a unit vector in the direction of the photon’s propagation
and we assumed that light passes through the origin of the LIC at instant τ = 0 which
fixes the integration constants. It establishes a one-to-one relationship between the spatial
coordinates xi of the photon and the proper time τ of the observer at the origin of LIC,
which is a directly measurable quantity. For this reason, the light cone solution of (8) is one
of the basic equations of radar astronomy serving for measuring distances and velocities of
spacecraft and planets in the solar system [3, 16] [79].
Neither equation (7) nor (8) show the presence of the Hubble constant, H , which is
incorporated to the Weyl connection Cαβγ of FLRW manifold. It led scientists to believe that
EEP cancels out all cosmological effects of the linear order ofO(H) that prevents astronomers
9to observe them in the solar system’ experiments [14]. The tidal cosmological forces, which
are of the quadratic order of O(H2), are not cancelled out in equations of motion but they
negligibly small and cannot be observed [14, 22, 23], so we are not discussing them over
here.
The present paper analyses the applicability of EEP to the important case of a conformal
manifold of FLRW universe and suggests that equation (8) is not hold for photons in LIC
where the time coordinate x0 is measured as the proper time τ of the Hubble observer
located at the origin of the LIC. It turns out that though the physical metric, g¯µν(x) =
fαβ = diag [−1, 1, 1, 1] in the local coordinates x
α = (τ, xi), it does not correspond to the
uniform propagation of light with constant velocity. This non-uniform propagation of light
in the local coordinates may be interpreted as a violation of EEP for photons.
It turns out that if we use the local (physical) coordinates xα = (τ, xi), light propagates
along geodesics of the optical metric gαβ = diag [−a
2(τ), 1, 1, 1] where a(τ) = 1 +Hτ is the
scale factor of FLRW metric, and we restrict ourselves with the linearised Hubble approxi-
mation. It means that equation (8) must be amended with an additional term corresponding
to the non-vanishing components of the affine connection of the optical metric. We derive
such a local equation of motion for photons in section V. It includes a term of the linear
order of O(H) which makes the measurement of the Hubble expansion in the solar system
feasible in the local experiments like the Doppler tracking of spacecraft.
We should emphasize that we do not introduce any new metric ”by hands”. The metric
used is one and the same - the FLRW metric, but it is written in different coordinates which
take into account the re-scaling of space and time and the correspondence between physical
observables and coordinates. This is a subtle point of the whole discussion which should be
followed step by step. All conclusions about physics which we derive in the present paper,
follow directly from the rigorous mathematical transformations of the original FLRWmetric.
The line of our reasoning is as follows. Physical spatial coordinates in cosmology are
xi = R(t)yi. Substituting this transformation to FLRW metric (1) with k = 0, transforms
it to
ds2 = −
(
1 +H2x2
)
dt2 − 2Hxidxidt+ δijdx
idxj , (9)
This is still FLRW metric writen down in the coordinates (t, xi). The time t coincides with
the proper time τ of the Hubble observer located at the origin of the local coordinates xi = 0.
Indeed, equation (9) for such an observer is reduced to, −dτ 2 = ds2 = −dt2, yielding τ = t.
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We want to describe motion of photons emitted by the Hubble observer at the origin of the
local coordinates at time τ = 0. The world line of photons is given by the condition ds = 0
and, in the first approximation, is just a straight line xi = kiτ where ki is a unit vector in
the Euclidean sense δijk
ikj = 1. In order to get the second order correction to the motion
of photons, we substitute the first order light geodesic to the perturbed (by the Hubble
expansion) components of FLRW metric, which yields the FLRW metric on the light-ray
hypersurface in the local (physical) coordinates
ds2 = −(1 +Hτ)2dτ 2 + δijdx
idxj . (10)
This is not another metric but the same FLRW metric taken on the light cone in the local
coordinates used by the Hubble observer for physical measurements. Noticing that in the
linearized Hubble approximation the scale factor R(t) = 1 + Ht = 1 + Hτ , we arrive to
FLRW metric on the null cone
ds2 = −a2(τ)dτ 2 + δijdx
idxj , (11)
where we have used a conventional notation for the scale factor a(τ) ≡ R(t). We call
the metric (11) the optical metric. Light propagates in the local coordinates (τ, xi) along
geodesics of the optical metric which are determined by ds = 0. The reader can see that
there is no ”another” metric over here, only FLRW metric properly transformed to the local
coordinates on the light-ray (null) hypersurface is used. The optical metric is not a new
geometric object that appears ”in addition” to FLRW metric. It was obtained by projecting
FLRW metric on the null hypersurface in the local (physical) coordinates, nothing else. We
explain these transformations and their physical consequences for observations in the solar
system in more detail in the text which follows.
III. THE LOCAL INERTIAL COORDINATES
In order to interpret the local astronomical measurements (like radar ranging, spacecraft
Doppler tracking, etc..) we have to build the local inertial coordinates (LIC) in the neigh-
bourhood of a time-like world line of observer. We focus on building LIC in the vicinity
of a Hubble observer which is by definition has constant spatial coordinates yi = const. of
the FLRW metric and moves along a time-like geodesic worldline [12]. Real observers move
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with respect to the Hubble flow and experience gravitational forces from massive bodies of
the solar system. Therefore, construction of LIC for a real observer requires to work out ad-
ditional coordinate transformations which can be found in [3, 16] but they are not a matter
of concern of the present paper.
Let us put the Hubble observer at the origin of LIC, xi = 0, which worldline coincides,
then, with the time-like geodesic of the observer. The Hubble observer carries out an ideal
clock that measures the parameter of the observer’s worldline which is the observer’s proper
time τ . The proper time τ of the Hubble observer coincides with the cosmological coordinate
time t in (1), that is τ = t. EEP suggests that in a small neighbourhood of the worldline of
the observer (called a tangent spacetime) there exists a diffeomorphism from the global, yα,
to local, xα, coordinates such that the physical metric g¯αβ = a
2(τ)fαβ is transformed to the
Minkowski metric, fαβ , as follows
a2(τ)fµν
∂yµ
∂xα
∂yν
∂xβ
= fαβ , (12)
where all tidal terms of the order of O(H2) have been omitted as negligibly small. In the
tangent spacetime where (12) is valid, the physical spacetime interval (3) written down in
LIC, reads
ds2 = fαβdx
αdxβ , (13)
where fαβ is understood as the physical metric g¯αβ(x) expressed in the local coordinates. We
emphasize that equation (12) is a local diffeomorphism that should be neither confused with
a class of the conformal changes of metrics worked out for applications to the initial value
problem in general relativity [25] nor with the Bondi-Metzner-Sachs group of coordinate
transformations at null infinity of asymptotically-flat spacetime [26].
Equation (12) looks similar to the special conformal transformation establishing a con-
formal isometry of the Minkowsky metric [27, 28]
Ω2(x)fµν
∂yµ
∂xα
∂yν
∂xβ
= fαβ , (14)
where
Ω(x) = fαβ
(
b2xα − bα
) (
b2xβ − bβ
)
b−2 (15)
= 1− 2bαx
α + b2x2 ,
12
is a conformal factor, bα is a constant four-vector yet to be specified, x2 ≡ fαβx
αxβ, and
b2 ≡ fαβb
αbβ . The group of the conformal isometry (14) of flat spacetime depends on 15 pa-
rameters including the Poincare´ transformations (10 parameters), dilatation (1 parameter),
and the special conformal transformation (4 parameters). The special conformal transfor-
mation includes inversions and translations, and is defined by equation [28, 29]
yα
y2
=
xα
x2
− bα , (16)
that is equivalent to
yα =
xα − bαx2
Ω(x)
. (17)
All operations of rising and lowering indices are completed with the Minkowski metric fαβ
and/or fαβ .
Let us assume for simplicity that the origin of LIC, xi = 0, coincides with the point
having the global spatial coordinates, yi = 0. As the background manifold is assumed to
be analytic, equation (12) should match (14) in a small neighbourhood of the origin of the
LIC. The matching can be achieved by demanding the scale factor of the FLRW metric,
a(η(x)) = Ω(x). This equality is valid in arbitrary cosmological model if we discard the
curvature terms being proportional to ∼ H2 and/or H ′. Indeed, for small values of the
conformal time η we have, a(η) = a(0) + a′(0)η + a′′(0)η2/2 + O(η3), where we assume
that the present epoch corresponds to η = 0 in the conformal time, and the prime denotes
the time derivative, a′ = da/dη, etc. We normalize the scale factor at the present epoch
to a(0) = 1. Then, at the present epoch the Hubble constant H = a′(0). The second
time derivative of the scale factor, a′′ = H ′ + 2H2, and we drop it off as being negligibly
small. Assuming that the constant vector, bα = O(H), we approximate the conformal
factor, Ω(x) = 1 − 2bαx
α + O(b2x2). Taking into account that (17) yields η = x0 + O(b),
and equating Ω(x) in (15) to the Taylor expansion of the scale factor a(η), we find out that
vector bα = (H/2)uα = (H/2, 0, 0, 0). It is directed along the four-velocity uα = (1, 0, 0, 0)
of the Hubble observer and is time-like.
The reader may notice that the special conformal transformation has a singular point,
xα = −bα/b2, that goes over to τ = 2/H . It means that the special conformal diffeomorphism
(17) is approximately limited in time domain by the Hubble time, TH = 1/H , calculated
for the present value of the Hubble parameter H ≃ 2.3 × 10−18 s−1. However, because the
LIC have been derived by matching of the local flat metric with the global FLRW metric,
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the period of time for which the local inertial frame is really valid is much smaller than the
Hubble time, τ ≪ TH . Because of this limitation imposed on the time of applicability of
the local frame, the local coordinates are also bounded in space by the radius, r ≪ RH ,
where RH = cTH is the Hubble radius of the universe. The conclusion of this paragraph
is that the LIC can be employed only for sufficiently close objects in the universe with the
redshift factor z ≪ 1 which excludes quasars and the most distant galaxies. Therefore, the
formalism of the present paper is not applicable to the discussion of global cosmological
properties and/or effects like the red shift of quasars.
The matching ensures that LIC can be constructed in the linearised Hubble approximation
from the global coordinates, yα, by means of the special conformal transformation (17)
that respects EEP as the matching procedure demonstrates. In what follows, we accept
the equalities, Ω(x(η)) = a(η) and a(η) = a(τ) that are valid in the linearised Hubble
approximation. This is because we work in the vicinity to the present epoch where a(τ) =
1 + Hτ + O(H2τ 2) and a(η) = 1 + Hη + O(H2η2) differ by the terms being quadratic
with respect to the Hubble parameter which we neglect. It is worth noticing that in this
approximation the special conformal transformation (17) coincides with the transformations
to LIC having been found by other researchers who were trying to built local frames in
cosmology with different mathematical techniques [21–23]. The most important notice here
is that the denominator of the coordinate transformation (17) is a non-linear function of
the local coordinates xα everywhere but on the light cone where it degenerates to the linear
function because the non-linear term, x2 = fαβx
αxβ = 0, vanishes on the light cone.
It should be emphasized that the tangent spacetime covered by LIC, xα, is locally diffeo-
morphic to the conformally-flat manifold (M, fαβ,G
α
βγ) in the global coordinates y
α as they
can be mapped onto each other by means of the coordinate transformation (17). Therefore,
the tangent spacetime in LIC bears the same mathematical properties as (M, fαβ,G
α
βγ) in
the global coordinates yα. It is worth noticing that the tangent spacetime is considered, in
accordance with EEP, as physical while (M, fαβ,G
α
βγ) is not, in spite of their diffeomorphic
equivalence. It brings in a certain conceptual difficulty in perceiving the physical meaning of
the local time coordinate x0 in equations of motion for light which can be misidentified with
the proper time τ of the Hubble observer while, in fact, x0 6= τ for photons. This misiden-
tification occurs in the review paper [14] and leads to erroneous conclusion on impossibility
to observe the Hubble expansion locally. We shall explain and resolve this principal issue in
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next sections.
IV. THE LOCAL INERTIAL METRIC
The local inertial coordinates, xα, are mathematical functions on FLRW manifold which
have no immediate physical meaning unlike the Cartesian coordinates in Euclidean space.
To make the local coordinates physically meaningful they should be further specified and
operationally connected with measuring devices (clocks, rulers) of a set of some reference ob-
servers. The corresponding relations between the measuring tools and the local coordinates
are known in differential geometry as inertial (or projective) structure [30]. The Minkowski
form of the physical local metric (13) suggests that LIC can be associated with the Gaussian
normal coordinates based on the congruence of time-like geodesics of (electrically-neutral)
test particles being at rest with respect to LIC [12].
The first step, is to identify the coordinate time x0 with the proper time τ of the Hubble
observer at the origin of LIC. It can be done because the spacetime interval, ds2 = −d(x0)2
for xi = 0, and ds2 = −dτ 2 by the definition of the proper time [12]. The grid of the
Gaussian coordinates start from the initial hypersurface, τ = 0, that is orthogonal to the
worldline of the Hubble observer. We identify the spatial Gaussian coordinates with the
orthogonal (in the Euclidean sense) spatial coordinates xi of LIC on the initial hypersurface.
Extension of the spatial coordinates from the initial hypersurface to arbitrary value of the
time coordinate x0 ≡ τ is performed by means of time-like geodesics. The Christoffel
symbols of the local metric (13) are nil in a neighbourhood of the origin of LIC in accordance
with the diffeomorphism (17) by which the LIC was introduced. More exactly, coordinate
transformation (17) from the global to local coordinates, yields Γ¯αβγ(x) = O(H
2x) that is
beyond the linearized Hubble approximation under consideration. Because all the Christoffel
symbols are nil, the time-like worldlines of particles having constant spatial coordinates,
xi = const., are geodesics given by (7). The proper time of the particle with the constant
spatial coordinate xi coinsides with the time coordinate x0 which was identified with the
proper time of the Hubble observer. Hence, the parameter σ in (7) can be identified with
the proper time τ as well. After that equation (7) describing the affine structure of the local
Gaussian coordinates takes on the following simple form,
d2xα
dτ 2
= 0 . (18)
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The meaning of time-like geodesic equation (18) is as follows. The world lines xα =
{x0 = τ, xi = const.} are identified with the network of static reference observers which play
a fundamental role in local physical measurements. We admit that each static observer is
equipped with an ideal (atomic) clock measuring their proper time which coincides with a
time-like parameter, x0, along the observer’s worldline. Solving (18) reveals that x0 ≡ τ
is the proper time of the Hubble observer located at the origin of LIC. We assume that
the ideal clocks of the static observers are synchronized. It can be done with Einstein’s
procedure of exchanging light signals as we will confirm in section VIIC. Eventually, the
physical spacetime interval in the normal Gaussian coordinates reads
ds2 = −dτ 2 + δijdx
idxj . (19)
It naturally coincides with the Minkowski spacetime interval in accordance with the formu-
lation of EEP.
It is worth emphasizing that the other Hubble observers who have constant value of
the spatial global coordinates, yi = const., are moving with respect to the local inertial
coordinates with a uniform velocity, xi = a(τ)yi = (1 +Hτ)yi. It follows immediately from
(17) after neglecting all terms being quadratic with respect to the Hubble constant H and
approximating a(η) = 1 + Hη = 1 + Hτ = a(τ). In principle, the proper time τ of the
static observers is not exactly equal to the cosmological time t of the Hubble observers since
the latter move with respect to the former with the relative velocity βi = dxi/dτ = Hyi
that is the velocity of the Hubble flow. Nonetheless, we can neglect the difference between
t and τ because the two times are related by the special relativistic time transformation,
τ = t/
√
1− β2 ≃ t(1 + β2/2 + ...), and the small terms of the order of β2 = O(H2) can be
neglected in the linearized Hubble approximation. Thence, we can interpret the local time
τ in the expression for local physical metric (19) as the cosmological time t at any spatial
point in the tangent space.
The Gaussian normal coordinates form a local inertial frame that is used for doing local
physical measurements of time and space along time-like world lines of static observers and
on space-like hypersurfaces of constant time. The frame is defined operationally in terms
of the proper time of the ideal clocks and rigid rulers. The rulers are made of an ordinary
matter which rigidity is defined primarily by the chemical bonds having an electromagnetic
origin. We have proved [15] that in the linearized Hubble approximation the electromagnetic
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(Coulomb) forces in an expanding universe remain the same as in a flat spacetime (see also
section VIIIB). For this reason, the rigid rulers and rods are not subject to the cosmological
expansion and can serve for physical materialization of LIC. Another physical realization of
the local Gaussian coordinates is achieved with the celestial ephemerides of the solar system
bodies since their orbits are not affected by the Hubble expansion either [14, 15].
Any test particle that is in a free fall with respect to LIC moves along a geodesic with
some affine parameter σ. However, we have to check whether the affine connection can be
eliminated along the worldline of the particle so that the equation of the geodesic is reduced
to (7) or not. It can be definitely done along the worldlines of the static observers. However,
due to the non-linear character of the coordinate transformation (17) not all components of
the affine connection can be made nil on the light geodesics. It compels us to modify equation
(7) for photons to make it compatible with the conformal structure of the background
cosmological spacetime. The modified equation is a light geodesic of a new optical metric
introduced on the light cone which light rays are parametrized with the proper time τ of
the static observers. The reason for these complications is that the local time coordinate
measured on the light cone, is a non-linear function, x0 = x0(τ), of the proper time τ of the
Hubble observer contrary to the erroneous result [14] that the local time coordinate x0 = τ
for photons in cosmology. The detailed form of function x0 = x0(τ) for photons is given in
the next section.
The concept of the optical metric was originally introduced by Gordon [31] to study
propagation of light in refractive medium. Later, it was elaborated on by Synge [32], Ehlers
[33] and Perlick [34, 35]. More recent results can be found in [36–38] and references therein.
It is worth mentioning that the concept of the optical metric has many similarities with the
acoustic metric in analogue gravity theories [39].
V. THE LOCAL OPTICAL METRIC
The most precise measurements of spacetime events are made with electromagnetic waves
and light [2]. Therefore, we have to extrapolate the local metric (19) from the interior
domain of the light cone on its hypersurface made of the light-ray geodesics. The metric
on the light cone hypersurface is called the optical metric that is a tool for investigating
motion of freely-propagating photons [32]. The extrapolation is straightforward in the case
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of Minkowski spacetime that is tangent to a pseudo-Riemannian manifold which is not
conformally-flat. For such a manifold the metric (19) would be valid everywhere including
the light cone hypersurface. However, FLRW spacetime manifold is conformally-flat and the
construction of the local inertial coordinates is fulfilled with the help of the special conformal
transformation (17) which work differently for time-like and light-like intervals.
The reason for this difference is that by doing transformation (17) we build a physical
tangent spacetime to FLRW manifold which has the flat metric fαβ with the affine con-
nection being nil. Therefore, the affine structure of the tangent spacetime (TM, fαβ ,G
α
βγ) is
locally diffeomorphic to the conformally-flat manifold (M, fαβ ,G
α
βγ) . Light geodesics in
(M, fαβ,G
α
βγ) obey to differential equation
d2yα
dη2
= 0 , (20)
which is uniformly parametrized with the conformal time η [12]. If we approved EEP and
assumed that the affine connection is nil everywhere including the light cone it would allow
us to write light geodesics in the form of equation (8) which is parametrized with the proper
time τ of the Hubble observer. Comparing (8) with (20) would force us to admit that the
proper time τ is equal to the conformal time η up to a scale (conformal) factor, a(η), of
FLRW universe. However it would violate the identity of the proper time τ of the Hubble
observer with the cosmological time t which is a cornerstone of modern cosmology being
confirmed by cosmological observations of various type [8, 9]. This dichotomy of the proper
time τ is unacceptable and can be resolved if we shall abandon EEP for photons and treat
the local metric gαβ on the light cone differently from the flat metric fαβ. This brings in the
concept of the optical metric.
To elaborate on this issue, let us assume for a while that the flat inertial metric (19) is
valid on the light cone. Then, light moves along null geodesics defined locally by equation
(8) where τ is the proper time of the static observer. A solution of this equation is a linear
function of time, x0 = τ, xi = kiτ where ki is a unit vector in the direction of propagation,
δijk
ikj = 1. This local solution must be compatible with that obtained from the equation of
light geodesics (20) derived from the FLRW metric (3) in the global conformal coordinates,
that is y0 = η, yi = kiη.
The local coordinates, xα, and the global conformal coordinates, yα, of the photon are
related by the conformal transformation (17) which should be taken on the light cone where,
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x2 = fαβx
αxβ = 0. Under the assumptions we have made, it reads
τ = a(η)η , (21)
xi = a(η)yi , (22)
and is consistent with the solutions of the light geodesics in the global and local coordinates.
Indeed, after substituting xi = kiτ and yi = kiη to (22) we get (21).
So far, everything seems to be right but the reader is to remember that according to the
operational construction of the Gaussian coordinates the proper time of the static observers,
τ , coincides with the cosmological time t, that is τ ≡ t. Hence, if the affine connection also
vanishes on the light cone, equation (21) must yield the following relation between the
cosmological and conformal times,
t = a(η)η = η +Hη2 +O(H2) . (23)
However, this equation contradicts the original definition (2) of the conformal time η in
cosmology which, in the linearised Hubble approximation, reads
t =
∫ η
0
a(η′)dη′ = η +
H
2
η2 +O(H2) . (24)
Apparently, equation (23) disagrees with (24). This contradiction points out that the affine
connection cannot be eliminated on the light cone in the local Gaussian coordinates. This
pitfall was overlooked in [14].
Let us now establish the optical metric on the light cone. To avoid possible notational
confusion we shall denote the time coordinate of LIC measured on the light cone as λ and
look for the functional dependence λ = λ(τ). Let a photon be emitted from the origin of
LIC at instant τ = λ = 0 and propagate in the direction given by a unit vector ki. We
apply the coordinate transformation (17) to compare the values of τ taken on the worldline
of the Hubble observer and λ taken on the light ray. Spatial coordinates of the origin of
LIC, xi = 0, while the spatial coordinate of light-ray is approximately xi = kiτ . It gives us
x2 ≡ fαβx
αxβ = −τ 2 on the worldline of the origin of LIC, while x2 = 0 on the light-ray
geodesic. Substituting these values for x2 into the conformal transformation (17) yields
a(η)η = τ +
H
2
τ 2 (the Hubble observer), (25a)
a(η)η = λ (the light ray). (25b)
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Notice that (25b) replaces (21) that was proven to be erroneous.
The important point to understand is that the numerical value of the global time coor-
dinate η for the Hubble observer is the same as that for the propagating photon because
both, the Hubble observer and photons obey equation (20) in the global coordinates which
solution is y0 = η, yi = 0 for the Hubble observer and y0 = η, yi = kiη for photons. Hence,
the numerical values of function a(η)η in the left side of (25a) and (25b) are equal. It gives us
the transformation between the time coordinate τ measured by the Hubble observer and the
time coordinate λ measured on the light ray, which we were looking for. More specifically,
λ = τ +
H
2
τ 2 , (26)
or in a differential form
dλ = a(τ)dτ , (27)
where we have made use of the linearised Hubble approximation of the scale factor a(τ) =
1+Hτ . Apparently, function λ is not a linear function of the proper time τ which is a clear
indication that the metric on the light cone is different from the Minkowski metric.
The optical metric, gαβ, is defined in terms of the differentials of the time coordinate λ
on the light geodesics and that of the spatial coordinates xi,
ds2 = −dλ2 + δijdx
idxj . (28)
It looks similar to the local inertial metric (19) with the time coordinate τ replaced with
time λ. Substituting (27) into (28) establishes the optical metric in terms of the Gaussian
normal coordinates xα = (τ, xi),
ds2 = −a2(τ)dτ 2 + δijdx
idxj , (29)
or gαβ = diag[−a
2, 1, 1, 1]. The contravariant components gaβ of the optical metric are
defined by equation gαβg
βγ = δγa which yields g
αβ = diag[−a−2, 1, 1, 1]. The optical metric
coincides with the Minkowski metric at the initial instant of time τ = 0 but its time-time
component deviates from it linearly as time goes on.
The optical metric must be used for rising and lowering indices of the wave co-vector of
electromagnetic wave, which is defined by kα = ∂αϕ, where ϕ is the phase of electromagnetic
wave. The reason behind this rule has been explained by Synge [32] – the contravariant
optical metric, gαβ contracted with kαkβ serves as a Hamiltonian function H = g
αβkαkβ in
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the description of motion of photons. The Hamilton-Jacobi equations of motion for photons
tells us immediately that it is the optical metric which must be used to rise and lower the
indices of the wave co-vector. We conclude that the wave vector kα = dxα/dσ where σ
is the canonical parameter along the light geodesic is related to kα by the following rule
kα = gαβkβ or kα = gαβk
b.
Equation (29) formally includes terms of the second order O(H2) with respect to the
Hubble constant, but all such terms must be neglected in accordance with the linearized
Hubble approximation adopted in the present paper, for example, a2(τ) = 1 + 2Hτ , and
so on. Notice that the optical metric (29) is degenerated in the sense that it is valid only
on the light cone hypersurface. It serves for describing propagation of freely falling photons
in the local Gaussian coordinates but cannot be applied to events separated by time-like or
space-like intervals to which the inertial metric (19) must be applied.
VI. THE LIGHT GEODESICS
The optical metric tells us that on the hypersurface of light ray geodesics, the Christoffel
symbols of the metric are, Γα00 = Hu
α, where uα = (1, 0, 0, 0) is a four-velocity of the static
observers in LIC, and all other Christoffel symbols vanish. These values of the Christoffel
symbols can be also obtained by direct application of the time transformation (26) to the
Christoffel symbols Γ¯αβγ(x) = in the Gaussian coordinates x
α = (τ, xi).
We define the wave vector of propagating electromagnetic wave as kα = dxα/dσ where
σ is an affine parameter along the light ray. Equation of the parallel transport of the wave
vector
dkα
dσ
+ Γαβγk
βkγ = 0 . (30)
After replacing the Christoffel symbols Γαβγ in (30) with their values calculated above from
the optical metric we get the equation of the parallel transport of the wave vector
dkα
dσ
+Huα = 0 , (31)
where we have approximated the time component of the wave vector in the term being
proportional to the Hubble constant as k0 = 1 +O(H) to simplify the equation.
Equation (31) is equivalent to the geodesic equation for coordinates of the light ray [19],
d2xα
dσ2
+Huα = 0 . (32)
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It differs from equation of motion (7) which might be expected on the ground of applicability
of EEP to photons that assumes that light rays in vacuum move locally along geodesics of the
flat metric fαβ . The difference emerges due to the presence of the time-dependent conformal
factor in the equations establishing the equivalence between the points of FLRW manifold
and its tangent spacetime.
Replacing the affine parameter σ with the proper time τ of the static observers brings
the geodesic equation (32) to
d2xα
dτ 2
= H
(
dxα
dτ
− uα
)
. (33)
This equation agrees with the derivation given in our paper [15]. It also agrees with the
light geodesic equation (20) derived in the global conformal coordinates yα of FLRW metric.
Solution of (33) for radial geodesics is given in section VIIB.
Equation (33) predicts the existence of an “anomalous” force exerted on a freely-falling
photon as contrasted with EEP prediction and directed toward the origin of LIC for outgoing
light ray It should not be misinterpreted as a violation of general relativity or Newtonian
gravity like the “fifth force” [40]. In fact, equation (33) is a direct consequence of general
relativity and the conformal invariance of light ray geodesics applied along with the cosmo-
logical principle stating that the global cosmological time t must be identical with the proper
time τ measured by the Hubble observers. It explains how the Hubble expansion of the uni-
verse may appear locally. We discuss the observational aspects of this local cosmological
effect in next section in more detail.
VII. COSMOLOGICAL EFFECTS IN THE LOCAL FRAME
A. Physical realization of the local Gaussian coordinates
We shall use the normal Gaussian coordinates, xα, along with the optical metric (29) to
explore the fundamental physics of the Hubble expansion in the solar system. It requires a
practical realization of the normal Gaussian coordinates that is an identification of space-
time points with the set of static observers who are not subject to the Hubble expansion
locally. The fact that such observers physically exist was established by many researchers
[14, 15, 23, 41, 42]. who proved that both the Coulomb electric force and the Newtonian
gravitational force are not affected locally by the Hubble expansion of the background FLRW
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spacetime, at least, in the linearised Hubble approximation. It means that we can phys-
ically manufacture rigid rods and rulers which length is not subject to the cosmological
influence. The only problem remains is to control and subtract the environmental thermal
and mechanical deformations that can be solved in a standard way, for example, by making
use of temperature-controlled laser metrology [43]. A set of such rigid rods materializes
the orthogonal grid of the normal Gaussian coordinates and represent the reference static
observers in laboratory.
Planetary orbits in the solar system (including the orbits of space probes) obey the New-
tonian equations of motion with the cosmological tidal terms that are of the order of O(H2),
and are negligibly small [23]. Therefore, celestial ephemerides of the solar system bodies
provide a dynamic approach to the physical realization of the normal Gaussian coordinates
in the solar system [15] by mapping planetary positions and velocities on the initial hyper-
surface of constant barycentric time with the (post-Newtonian) equations of motion [3, 16].
For this reason, the IAU fundamental ephemerides are a powerful instrument for doing nav-
igation of spacecrafts in deep space and a unique research tool of relativistic gravitational
physics [44].
The rest of this section describes several physical experiments to measure the Hubble
expansion locally in the solar system without invoking observations of distant quasars and/or
cosmic microwave background radiation (CMBR).
B. Radar and laser ranging
Precise dynamical modelling of orbital and rotational motion of astronomical bodies in
the solar system (major and minor planets, asteroids, spacecraft, etc..) is inconceivable
without radar and laser ranging. The ranging is an integral part of the experimental testing
of general relativity and alternative theories of gravity in the solar system [2, 3, 45]. We are
to check if the Hubble expansion can be measured in the ranging experiments.
Equation of light propagation in the local Gaussian coordinates xα = (τ, xi) is given by
the light cone equation, ds2 = 0, with the optical metric (29) which explicit form reads
δijdx
idxj = a2(τ)dτ 2 . (34)
Let us consider a radial propagation of light from (or to) the origin of the local coordinates
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where the central (Hubble) observer is located. The radial (always positive) spatial coor-
dinate of a photon is, r =
√
δijxixj , and the equation of light’s radial propagation (34)
implies
dr = ±a(τ)dτ , (35)
where the sign plus/minus corresponds to the outgoing/incoming light ray. The reader may
notice that the coordinate speed of light, |dr/dτ | = a(τ), can exceed the fundamental value
of c = 1. There is no violation of special relativity here because this effect is non-local.
The local value of the speed of light measured at time τ , is always equal to c = 1 after
a corresponding re-scaling of units to make the scale factor a(τ) = 1. This is also true
for any other local measurement done at a different point in space because the group of the
conformal isometry includes the Poincare group as a sub-group which allows us to change the
initial epoch and the position on the background manifold without changing the differential
equation (35).
Let a light pulse be emitted at time τ0 at point r0, riches the target at radial coordinate
r > r0 at time τ , and returns to the point of observation at radial distance r1 < r at time τ1.
Equations of propagation of the outgoing and incoming light rays are obtained from (35),
and read
r = r0 +
∫ τ
τ0
a(τ ′)dτ ′ , r1 = r −
∫ τ1
τ
a(τ ′)dτ ′ . (36)
The result of the integration is fully determined by the boundary conditions imposed on the
solution. More specifically, we demand that at the time of emission, τ0, the coordinate speed
of light r˙(τ0) = 1 which means that a(τ0) = 1. For any other instant of time the Taylor
expansion of the scale factor yields
a(τ) = 1 +H (τ − τ0) +O
(
H2
)
. (37)
Replacing the scale factor a(τ ′) in the integrands of integrals in (37), and integrating brings
about the following results
r = r0 + (τ − τ0) +
H
2
(τ − τ0)
2 , (outgoing ray), (38a)
r1 = r − (τ1 − τ)−
H
2
[
(τ1 − τ0)
2 − (τ − τ0)
2
]
, (incoming ray). (38b)
Let us assume for simplicity that the radar ranging is conducted by the Hubble observer
at the origin of the local coordinates so that both the points of emission and observation of
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the light signal are at the origin and have the radial coordinate, r0 = r1 = 0. We define the
radar distance by a standard equation [3, 46]
ℓ ≡
1
2
(τ1 − τ0) , (39)
which is a relativistic invariant due to the covariant nature of the proper time τ and the
constancy of the fundamental speed c = 1 in the geometrized system of units adopted in the
present paper. After solving (38a), (38b) we obtain
τ =
1
2
(τ0 + τ1) +
1
2
Hr2 , (40)
ℓ = r −Hr2 , (41)
where the residual terms of the order of O(H2) have been neglected, r is the radial distance
of the point of reflection of a radar signal at time τ , and the value of the scale factor a(τ)
is taken at the time of reflection of the radar signal as well.
This calculation reveals that the difference between the coordinate distance r and the
invariant radar distance ℓ is of the order of Hr2. Planetary ranging is done for the inner
planets of the solar system so we can approximate r ≃ 1 astronomical unit (au) and H ≃
2.3 × 10−18 s−1. Hence the difference Hr2 ≃ 0.17 mm which is a factor of ∼ 104 smaller
than the current ranging accuracy (∼ 2 m) to interplanetary spacecraft [47, 48]. In case of
lunar laser ranging to the Moon, the coordinate radius of the lunar orbit r ≃ 384, 000 km,
and the estimate of the residual term Hr2 ≃ 1.1 × 10−7 sm which is one million times less
than the current accuracy (∼ 1 mm) of LLR [49]. We conclude that in radar/laser ranging
experiments:
(1) within the measuring uncertainty the coordinate radial distance r = ℓ,
(2) the radial distance r in the local frame of reference has an invariant geometric meaning
in agreement with the definition of the proper distance accepted in cosmology [50, 51],
(3) the radar/laser ranging metrology is insensitive to the Hubble expansion in the local
coordinates.
Hence, the celestial ephemerides of the solar system bodies built on the basis of radar/laser
ranging data are not crippled by the Hubble expansion. They represent a dynamical reference
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frame with a fixed value of the astronomical unit (au) which is not changing in time and can
be treated as a rigid ruler for measuring distances between celestial bodies within the solar
system in accordance with a recent resolution of IAU General Assembly (Beijing 2012) on
the meaning and value of astronomical unit [52].
C. Einstein’s synchronization of clocks
Let us now consider the Einstein procedure of the synchronization of two clocks based on
exchange of light signals between the clocks. We want to synchronize the clock of the central
Hubble observer with the clock of a static observer located at a point with the Gaussian
radial coordinate r. We apply exactly the same procedure as in the case of radar ranging
described above. By Einstein’s definition, when the photon riches the reflection point with
the radial coordinate r at the instant of time τ , the clock of the Hubble observer at the
point, r = 0, reads the time
τ ∗ =
1
2
(τ0 + τ1) , (42)
because the time rate of the (ideal) clock of the Hubble observer is uniform. The instant of
time τ ∗ is defined as being simultaneous with the time reading, τ , of a second clock located
at the position with a radial coordinate, r, at the instant when the light signal is reflected.
The time τ ∗ as a function of τ , can be found immediately from (40)
τ ∗ = τ −
1
2
Hr2 . (43)
This relation reveals that in order to synchronize two clocks separated by a radial distance
r, we have to subtract the time difference Hr2 from the reading τ of the clock of the static
observer at the point with radial coordinate r in order to make the time readings of the two
clocks identical. Because the radial distance r coincides with the invariant radar distance ℓ,
which is a measurable quantity, the Einstein synchronization of clocks in such experiment
is operationally possible.
The two clocks will remain synchronized as time goes on, if and only if, the radial dis-
tance between the clocks does not change. For example, a clock at a geocenter will remain
synchronized with clocks on-board of a geostationary satellite moving around Earth on a
circular orbit. On the other hand, an ultra-stable clock on board of spacecraft which moves
with respect to the primary time standard on Earth may detect the de-synchronization
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effect due to the Hubble expansion of the universe if the radial distance between Earth
and the spacecraft changes periodically. If the change in the radial distance amounts to
δr, the overall periodic time difference caused by the clock’s de-synchronization amounts
to δτ = δ(τ ∗ − τ) = 2H(r/c)2(δr/r). Expressing r in astronomical units we can find a
numerical estimate of the de-synchronization between the readings of the two clocks,
δτ = 1.7× 10−12
( r
1 au
)2(δr
r
)
[s] , (44)
where we have used the approximate numerical value of the Hubble constant, H = 2.3×10−18
s−1, the universal speed c = 3 × 1010 cm/s in cgs units, and the astronomical unit (au)
= 1.5 × 1013 cm. This local cosmological effect may be detectable by NIST and/or other
world-leading timekeepers.
D. Doppler effect in the local frame
1. Theory of the Doppler effect
Next step is to consider the Doppler effect that is a change in frequency of propagating
electromagnetic wave (light) emitted at one spacetime event and received at another one,
as caused by various physical reasons - relative motion of observer and the source of light,
gravity field, expansion of the Universe, etc.. A monochromatic electromagnetic wave prop-
agates on a light cone hypersurface of a constant phase ϕ, that is a function of spacetime
coordinates, ϕ = ϕ(xα). The wave (co)vector is kα = ∂αϕ, and frequency of the wave
measured by an observer moving with 4-velocity, uα, is [3, 12]
ω = −kαu
α . (45)
The definition of frequency of electromagnetic wave does not depend on the metric tensor
and can be calculated directly as soon as we know kα and u
α = dxα/dτ . Indeed,
ω = −kau
α =
∂ϕ
∂xα
dxa
δτ
=
dϕ
dτ
, (46)
which is just the rate of change of the phase of electromagnetic wave along the world line of
observer.
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Let us denote the point of emission of the wave P1, the point of its observation P2, and
the emitted and observed wave frequencies as ω1 and ω2, respectively. Their ratio
ω2
ω1
=
(kαu
α)P2
(kαuα)P1
, (47)
quantifies the Doppler effect. The present paper is not concerned with special relativistic
Doppler effect due to the motion of emitter and/or observer (see [3, 53] for further mathemat-
ical details) but focuses on the cosmological frequency shift measured by static observers in
the local inertial frame in the presence of the cosmological expansion. Locally, four-velocity
of the static observers, uα = (1, 0, 0, 0). Hence, formula (47) reads
ω2
ω1
=
k0(τ2)
k0(τ1)
, (48)
where τ1 and τ2 are the instants of emission and observation of light respectively.
It is worth recalling that co-vector kα and vector k
α are both lying on the light cone
hypersurface. Hence, they are connected by the optical metric gαβ that is ka = gαβk
α,
and kα = gαβkβ where the optical metric satisfies to gαβg
βγ = δγα, where δ
γ
α is the Kroneker
symbol. For this reason, the frequency of light ω = kαu
α = gαβk
βuα. In other words, it is the
optical metric, gαβ, which is used in order to define the frequency of light in terms of the scalar
product between the wave vector, kα and the four-velocity of observer uα. We emphasize
that only equation (45) is a unique and unambiguous definition of electromagnetic frequency,
ω. The principles of mathematical operations with the optical metric and calculation of
observables in the present paper are identical to those applied in the optics of dispersive
media [32–35].
The parallel transport of k0 along the light geodesic must be computed with the optical
metric (29). Equation of the parallel transport of kα in the local coordinates can be obtained
from (30). It reads,
dkα
dσ
= −
1
2
∂gµν
∂xα
kµkν , (49)
where σ is the affine parameter along the light ray, the wave vector of light kα = dxα/dσ,
kα = gαβk
β, the optical metric gαβ = diag [−a
2, 1, 1, 1], gaβ = diag [−a−2, 1, 1, 1], and the
scale factor a ≡ a(τ).
The optical metric depends on time τ only. Therefore, the spatial component of equation
(49) immediately tells us that ki and, hence, k
i = δijkj remain constant along the light ray.
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The time component of (49) reads
dk0
dσ
=
1
2
d
dτ
(
1
a2
)
k20 . (50)
The left side of (50) can be recast to
dk0
dσ
= kβ
∂k0
∂xβ
= k0
dk0
dτ
= −
k0
a2
dk0
dτ
, (51)
where we have made use of the fact that k0 = g0αkα = g
00k0 = −k0/a
2. Replacing (51) in
(50) brings it to the following form
dk0
dτ
= −
a2
2
d
dτ
(
1
a2
)
k0 . (52)
Solution of this equation is
k0(τ)
a(τ)
= const. (53)
and we use it in (48). It yields the Doppler shift of frequency of electromagnetic wave in the
expanding universe as measured in the local inertial frame
ω2
ω1
=
a(τ2)
a(τ1)
= 1 +H(τ2 − τ1) , (54)
and it does not depend on the choice of the epoch τe when a(τe) = 1. For this reason, the
Doppler shift equation (54) has a universal character. Moreover, equation (54) tells us that
the cosmological Doppler shift measured by the local static observers is blue because τ2 > τ1
and a(τ2) > a(τ1) due to the Hubble expansion and, consequently, ω2 > ω1.
On the other hand, we know that the cosmological Doppler shift of frequency of light of
distant quasars is red [9]. There is no contradiction here with our result (54). Cosmological
red shift is measured with respect to the reference objects (quasars) which have fixed values
of the global coordinates, yi, while the local Doppler shift (54) is measured with respect to
static observers having fixed Gaussian coordinates xi. Thus, the Doppler shift measurements
in the global cosmological spacetime and in the local tangent spacetime refer to two different
sets of observers moving one with respect to another with the velocity of the Hubble flow.
Therefore, it is natural to expect a different signature of the Doppler effect – red shift for light
coming from distant quasars and blue shift for light emitted by the astronomical objects, for
example spacecraft, within the solar system. Our theory provides an exact answer for the
signature and magnitude of the cosmological blue shift effect measured in the local inertial
frame.
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The Doppler effect in the tangent spacetime of FLRW universe has been considered by a
number of other authors, most notably by Carerra and Giulini [14, 54]. They claimed that
the cosmological expansion does not produce any noticeable Doppler effect in the local radio-
wave frequency measurements. Their conclusion is invalid as they erroneously identified the
local time coordinates x0 with the proper time τ of the Hubble observer on a worldline of any
freely-moving particle including photons. We discussed in section V the reasons why such
an identification is misleading and leads to a wrong result for the local Doppler shift. Hence,
the arguments by Carerra and Guilini against observability of cosmological expansion in the
local frames on FLRW manifold are misleading and inapplicable for discussing gravitational
physics of photons in the local frame.
2. Measuring the Hubble constant with spacecraft Doppler-tracking
Precise and long-term Doppler tracking of space probes in the solar system may be a
new way to measure the local value of the Hubble constant H . It is highly plausible that
the “Pioneer anomaly” detected by John Anderson [55] with the JPL deep-space Doppler
tracking technique in the hyperbolic orbital motion of Pioneer spacecraft, is caused by
the Hubble expansion which changes the frequency of radio waves in the spacecraft radio
communication link in an amazing agreement (both in sign and in magnitude) with our
equation (54).
More detailed theory supporting the cosmological origin of the “Pioneer anomaly” effect
is given in our paper [15] where we have derived the local equations of motion for charged
and neutral test particles as well as for photons, in the FLRW universe. We have proved
that in the local frame of reference the equations of motion for interacting massive neutral
and/or charged particles do not include the linear terms of the first order in the Hubble
constant. On the other hand, equations of motion of photons do contain such linear terms
of the order of H which have dimension of acceleration.
The present paper confirms our previous result from the point of view of a set of local
observers doing their measurements in the tangent space of the FLRW manifold. Trans-
formation to the local coordinates xα = (x0, xi) allows us to transform FLRW metric to
the Minkowski metric ds2 = −(dx0)2+ δijdx
idxj but the time coordinate x0 considered as a
function of the proper time τ of the Hubble observer, x0 = x0(τ), has different mathematical
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values on worldlines of static observers and on those of photons. It inevitably introduces two
local metrics in the tangent spacetime. The inertial Minkowski metric, fαβ , serves for physi-
cal measurements on static or slowly-moving objects while the optical metric, gαβ , describes
the local geometry on light-like hypersurface as observed by the static observers. The exist-
nece of the two metrics in the local frame explains why the Pioneer anomalous acceleration
is suppressed for planets but is present in the motion of light. The optical metric leads to
a non-vanishing affine connection on the light cone which can be formally interpreted as a
violation of EEP for photons. The EEP violation manifests in observation of the Pioneer
anomalous acceleration in John Anderson’s experiment [55].
Equation (54) explains the “Pioneer anomaly” effect as a consequence of the blue fre-
quency shift of radio waves on their round trip from Earth to spacecraft and back. Let us
denote the emitted frequency ω0, the frequency received at spacecraft and transmitted back
to Earth ω1, and the frequency received on Earth ω2. Then, according to (54), the shift
between ω0 and ω2 is
ω2
ω0
=
ω2
ω1
ω1
ω0
=
a(τ2)
a(τ1)
a(τ1)
a(τ0)
=
a(τ2)
a(τ0)
= 1 +H(τ2 − τ0) , (55)
where τ0 is the time of emission on Earth, τ1 is the time of receiving and re-transmission of
the signal at spacecraft, and τ2 is the time of reception of the signal on Earth. The Doppler
shift is defined as z ≡ (ω2/ω0) − 1, and we have to add the special relativistic term −v/c
due to the outward radial motion of Pioneer spacecraft with radial velocity v = v(τ1) (we
prefer to keep here the speed of light c explicitly). We get
z = −
v
c
+H(τ2 − τ0) , (56)
that shows that the cosmological shift of frequency appears as a tiny blue shift on top of
much larger red shift of frequency caused by the outward motion of the spacecraft. It fully
agrees with the observations [55].
The time rate of change of the Doppler shift is z˙ ≡ dz/dτ2 which yields
z˙ =
a
c
+H =
1
c
(a+Hc) , (57)
where a = −dv/dτ1 is a deceleration of the Pioneer spacecraft due to the attraction of
the solar gravity field, and we have neglected all terms of the order of 1/c2 so that, for
example, dv/dτ2 = dv/dτ1. The deceleration, a is positive because the derivative, dv/dτ , is
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negative due to the gravitational pull of the Sun. Thus, the Hubble frequency-shift term,
Hc, is added to the positive deceleration and can be interpreted as a constant, directed-
inward acceleration, aP = Hc, in the motion of spacecraft. In fact, such an interpretation is
misleading as the true cause of the “anomalous” acceleration is associated with the motion
of photons but not the spacecraft. This is the reason why the vigorous attempts to find
out the explanation for the “anomalous gravity force” exerted on Pioneer spacecraft were
unsuccessful. The observed value of aobsP = 8.5 × 10
−10 m·s−2 [55] is in a good agreement
(both in sign and in magnitude) with the theoretical value of atheoryP = Hc ≃ 7 × 10
−10
m·s−2. Our theoretical result provides a strong support in favour of general-relativistic
explanation of the “Pioneer anomaly” as caused by the conformal geometric structure of
FLRW cosmological manifold.
The observed value of aobsP exceeds theoretical value a
theory
P by 20%. This can be explained
as the recoil of the thermal emission of electric power generators (RTG) on board of the
spacecraft [55, 56]. Indeed, recent studies [57, 58] indicate that the numerical value of the
Pioneer anomalous acceleration may be slightly decreasing over time which may indicate
to the radioactive decay of the power generators of Pioneer spacecraft. This observation
supports the idea that thermal emission is partially responsible for the Pioneer effect. The
question is how much it contributes to the overall effect. The papers [57, 58] state the
Pioneer effect is 100% thermal. We do not think so.
First of all, we notice that the geometric theory of the Pioneer effect having been worked
out in [15] and in the present paper points out that the numerical value of the Pioneer effect
cannot be smaller than atheoryP = 7× 10
−10 m·s−2. The thermal emission always adds to the
general-relativistic theoretical prediction, atheoryP . Observations indeed show a
obs
P larger than
atheoryP by 20%. Thus, the theory of the present paper explains 80% of the overall effect by
the effect of the expanding geometry leaving for the thermal recoil contribution no more
than 20%.
Second, the analysis in [57, 58] has been based on the usage of an entire historical record
of the Pioneer tracking telemetry. This may look as a more strong evidence of the thermal
emission but the caveat is that a great care should be taken in the interpretation of the
telemetry in the inner region of the solar system. Fact of the matter is that the signal of the
Pioneer anomalous acceleration is strongly contaminated by the noise caused by the solar
wind and radiation before the spacecraft reached the orbit of Jupiter. To avoid dealing with
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this treachery region of the solar system, Anderson et al [55] excluded the contaminated
part of the spacecraft telemetry from their analysis. Extracting a signal (S) from noise (N)
in the case when the signal-to-noise ratio S/N ≪ 1, is a severely ambiguous computational
problem which can result in systematic bias in the numerical value of the fitting parameters
including aobsP . For this reason, the paper by Anderson et al [55] continues to remain one
of the most credible source of unbiased information about the magnitude and direction of
various forces contributing to the Pioneer anomaly.
The papers [57, 58] provide a firm support to the reality of the Pioneer effect and a
reasonable justification that the thermal emission is a part it because of the tiny, marginally
measurable secular decrease of the magnitude of the effect. However, this justification cannot
be considered as a proof that the thermal recoil explains 100% of the overall effect which is
unrealistic conclusion that is not supported by the geometric theory of the Doppler tracking
in cosmology presented in this paper. The present paper along with [15] explain the origin
of the Pioneer anomaly from a simple geodesic principle of the propagation of light in the
conformal geometry of the expanding FLRW universe. Our purely geometric prediction of
the “anomalous” Doppler shift of the Pioneer spacecraft is fundamental and fully consistent
with its measurement made by Anderson et al [55].
It is worth mentioning that Cassini spacecraft was also equipped with a coherent Doppler
tracking system and it might be tempting to use the Cassini telemetry to measure the
universal “anomalous Cassini acceleration” atheoryC ≃ 7 × 10
−10 m·s−2. Unfortunately, there
are large thermal and outgassing effects on Cassini that would make it difficult or impossible
to say anything about the “Cassini anomaly” from Cassini data, during its cruise phase
between Earth and Saturn [59]. Due to the presence of the Cassini-on-board-generated
systematics, the recent study [60] of radio science simulations in general relativity and in
alternative theories of gravity is consistent with a non-detection of the “Cassini anomalous
acceleration” effect.
VIII. A RESONANT CAVITY ON COSMOLOGICAL MANIFOLD
Previous section predicted the existence of the blue frequency shift of freely propagating
electromagnetic wave. The question may arise what will happen with an electromagnetic
wave oscillating in a microwave resonator. Will it frequency grow? If it were the case
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we could study the Hubble expansion of the universe in lab by measuring the drift of the
microwave frequency with respect to a frequency of atomic clocks. Unfortunately, the answer
is negative. This section explains in detail what exactly happens.
Electromagnetic field in a microwave cavity resonator is governed by the homogeneous
Maxwell equations in vacuum. In the main approximation the field propagates in cavity in
the form of non-interacting plane waves travelling in opposite directions. A linear super-
position of these waves form a set of standing waves with frequencies being determined by
the cavity length. The frequencies form a discrete spectrum of electromagnetic oscillations
which is calculated by solving the boundary value problem. It is possible to tune one of
the cavity resonance modes to the optical band so that it can be used to interrogate the
quantum transitions of an ion placed at the center of the cavity [61].
The frequency stability of such a clock is governed by the resonant cavity playing a role
of a flywheel oscillator [62]. Long-term stability of the clock is determined by the stability
of the frequency of the quantum transitions between the different energy levels of electrons
in the atoms used in the clock. The frequency instability of the cavity resonance mode is
induced mainly by thermal, acoustic, mechanical, and seismic noises while the fundamental
limit is due to the Brownian motion of cavity’s reflecting walls [63]. The cavity frequency
stability is rapidly improving by making use of innovative technological designs for reducing
the coupling of the cavity to the environmental disturbances [64, 65]. Hence, we can expect
that it will be comparable or even exceeds the stability of the atomic transitions.
Our discussion of the motion of freely-propagating photons in an expanding universe
led us to the conclusion that photon’s frequencies are subject to the blue shift caused by
the local Hubble expansion. It is natural to extend our analysis to the case of a resonant
cavity to check if this frequency drift also exists for the electromagnetic waves oscillating
in the cavity. If it were true we could have a nice experimental testing of the local Hubble
expansion with clocks in laboratory. We investigate this problem below and show that the
result is the same as in a flat spacetime, namely, the resonant cavity does not experience
any frequency shift caused by the Hubble expansion. This is because the cancellation of
the Doppler shift in the superposition of two waves travelling in opposite directions in the
resonant cavity.
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A. Electrodynamics in FLRW Universe
Electromagnetic field tensor Fαβ = ∂αAβ − ∂βAα is defined in terms of a vector potential
Aα. General-relativistic Maxwell’s equations for electromagnetic vector A
α in a curved
FLRW spacetime are [66]
Aα
|β
|β − A
β
|βα − R¯αβA
β = −
4π
c
Jα , (58)
where Jα is a four-vector of a conserved electric current, J
α
|α = 0, and R¯αβ = g¯
µνR¯αµβν is
the Ricci tensor of FLRW metric derived form (1) and given by
R¯αβ =
1
a2
[
H′ (g¯αβ − 2u¯αu¯β) + 2
(
H2 + k
)
(g¯αβ + u¯αu¯β)
]
, (59)
where we keep the spatial curvature k arbitrary, use the conformal Hubble parameter
H = (da/dη)/a related to the Hubble parameter H = H/a, and the prime denotes a
time derivative with respect to the conformal time η, that is H′ = dH/dη.
Usually, the covariant Lorentz gauge condition, Aβ |β = 0, is imposed on vector-potential
in order to eliminate the second (gauge-dependent) term in the left side of equation (58) and
reduce it to the de Rham wave equation [66]. The covariant Lorentz gauge condition is not
convenient in FLRW spacetime because it does not cancel the term with the Ricci tensor in
(58). We have found [15] that it can be eliminated if we use another gauge, ηαβ∂αAβ = 0
that is equivalent to
Aβ |β = −2HA
β u¯β , (60)
or
Aβ,β = +2HA
βu¯β . (61)
After making use of (60) and (59) in (58) many cancellations take place, and we arrive
to the exact Maxwell equations in FLRW spacetime
Aα = −4πa
2Jα , (62)
where  = −∂2η + ∆ is a wave operator, and ∆ is the Laplace operator on the time-like
hypersurface of a constant time η. In case, when the spatial curvature k = 0, the Laplace
operator is reduced to that in the Euclidean space, ∆ = δij∂i∂j . In this case  is identical
to the wave operator in Minkowski spacetime, and (62) is similar to Maxwell’s equation for
electromagnetic potential except for the scale factor, a(t), in its right side. The reason for
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the simplicity of (62) is the conformal invariance of Maxwell’s equations [12]. Solution of
equation (62) is obtained with a standard technique of the retarded Green’s function,
Aα(η,y) =
∫
V
a2(s)Ja(s,y
′)d3y′
|y − y′|
, (63)
where the retarded time s = η−|y−y′|, and the volume integral is performed over the charge
distribution bounded by the volume V . Equation (63) tells us that the weak electromagnetic
waves propagate with speed c = 1 in the global conformal coordinates yα = (η,y) of FLRW
universe.
The gauge condition (60) applied to equation (63) confirms the law of conservation of
electric current, Jα|α = 0, which is equivalent to [80]
∂
∂η
(
a2J0
)
−
∂
∂yi
(
a2Ji
)
= 0 . (64)
Hence, the total electric charge is defined by
Q = −
∫
V
a2(η)J0(η,y)d
3y , (65)
and remains constant in the course of the Hubble expansion as a consequence of the conser-
vation law (64).
B. Mechanical rigidity of a resonant cavity
Before discussing evolution of electromagnetic field in a resonant cavity, we have to make
sure that the Hubble expansion does not lead to the change of a geometric shape of the
cavity. Rigidity of the cavity is determined by the chemical bonds between atoms. They
are governed primarily by the Coulomb law. Hence, we have to prove that the Coulomb law
preserves its classic form in the expanding FLRW universe.
For this, it is sufficient to consider only the electric potential φ ≡ cA0 of an atomic
nucleus. It is given by the Taylor expansion of the retarded argument of the vector potential
(63) around present time η. For the charge is conserved, it yields
φ(η,y) =
∫
V
a2(η)J0(η,y
′)d3y′
|y − y′|
+O
(
1
c2
)
. (66)
The integral can be expanded in terms of the electric multipoles – the constant charge Q,
the dipole electric moment Qi, and so on,
φ(η,y) = −
Q
|y|
+
Qiy
i
|y|3
+ ... . (67)
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For the sake of simplicity, we neglect the dipole and higher-order multipole moments of
electric field in (67). Their treatment makes the calculations longer but do not change the
conclusion of the present section.
The orbital motion of an electron in a curved spacetime is governed by the second New-
ton’s law with an electromagnetic Lorentz force in its right side taken into account [66].
The left side of this law is a covariant derivative from the linear momentum of electron
pα = mdyα/dτ ,
m
(
d2ya
dσ2
+ Γ¯αβγ
dyβ
dσ
dyγ
dσ
)
= eF αβ
dyβ
dσ
, (68)
where σ is the affine parameter along the electron’s orbit, e is the charge of electron (e < 0),
and m is electron’s mass. The charge and mass of electron remain constant in expanding
universe (see equation (65) above and discussion in [15]). The Christoffel symbols in (68)
are defined in (4) and account for the Hubble expansion of FLRW universe. If the conformal
time η is used for parametrization of the worldline of electron, equation (68) assumes the
following form
d2yi
dη2
+ Γ¯iµν
dyµ
dη
dyν
dη
− Γ¯0µν
dyµ
dη
dyν
dη
dyi
dη
=
e
m
(
F iβ − F
0
β
dyi
dη
)
dyβ
dη
dσ
dη
. (69)
In a slow-motion approximation dσ/dη = a(η), F i0 = Fi0/a
2, and the electric field of the
atomic nucleus is Ei = Fiβdy
β/dη = ∂iφ. By neglecting relativistic corrections of the order
of 1/c2 which are negligibly small in the slow-motion approximation, we obtain the equation
of orbital motion of electron in Borh’s atom placed to the expanding universe
d2y
dη2
= −H
dy
dη
+
eQ
ma
y
ρ3
, (70)
where ρ = |y|. Now, we employ the conformal spacetime transformation (17) on the world-
line of the electron. In the slow-motion approximation this transformation reads
τ =
∫
a(η)dη , x = a(η)y , (71)
where τ is the proper time measured by the Hubble observer. Making use of (71) we can
recast (70) to the classic form of the second Newton’s law with Coulomb’s force
m
d2x
dt2
=
eQ
r3
x , (72)
where r = |x|.
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Thus, the orbital motion of electrons in atoms, after having been expressed in physical
(local) coordinates xα = (τ,x), does not reveal any dependence on the scale factor a(t)
and/or the Hubble parameter H . This proves that the strength of the chemical bonds of
the cavity’s matter is not affected by the expansion of universe in the linearized Hubble
approximation so that the resonant cavity is rigid and maintains its geometric shape un-
changed under conditions that temperature and other environmental disturbances are kept
under control. Equation (71) also tells us that the atomic frequencies are not affected by
the Hubble expansion. This proves that the atomic time measured by atomic clocks, and
the proper time τ of the Hubble observer are identical in FLRW universe.
C. The conformal metric and electromagnetic oscillations
Electromagnetic field in a resonant cavity obeys the homogeneous Maxwell equations that
follows from (62),
Aα = 0 . (73)
We assume that the walls of the cavity are ideal mirrors reflecting electromagnetic waves
without dissipation so that the electromagnetic field is fully confined in the cavity. We also
assume that the cavity is a rectangular box with the spatial coordinate axes of the global
coordinates, yi = (y1, y2, y3), directed along its sides. It allows us to solve (73) by applying
the method of separation of variables that splits equation (73) in three, one-dimensional
wave equations which are decoupled.
The condition (60) bears a residual gauge freedom for the electromagnetic potential
Aα −→ A
′
α = Aα + ∂αχ where χ is an arbitrary scalar function that obeys a homoge-
neous wave equation χ = 0. The residual gauge freedom allows us to chose, A0 = 0, in
the solution of (73) representing an electromagnetic wave. We further assume that the wave
is propagating along y1 ≡ y axis and is polarized in the y3-direction so that the potential
Ai = (0, 0, A), while the electric Eα = Fαβu¯
β, and the magnetic Bα = −(1/2)ǫαβµνF
µν u¯β,
fields have the following spatial components,
Ei = (0, 0, E) =
(
0, 0,−
1
a
∂A
∂η
)
, Bi = (0, B, 0) =
(
0,−
1
a
∂A
∂x
, 0
)
. (74)
The field E = E(η, y) and B = B(η, y) satisfy the wave equation that is derived from (73).
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In particular, the wave equation for the electric field, E ≡ E/a, is
−
∂2E
∂η2
+
∂2E
∂y2
= 0 , (75)
and a similar equation exists for the magnetic field B = Ba.
The tangential components of Ei must vanish on the cavity’s walls that are perpendic-
ular to y-axis. According to our conclusion from the previous section, the cavity keeps its
geometric shape unchanged with respect to physical (local) coordinates, xi, but not with
respect to the conformal coordinates yi = xi/a(η). Let as choose the left wall of the cavity
as the origin of x1 ≡ x axis so that the value of the global and local coordinates coincide at
any instant of time, x1 = y1 = 0. The right wall of the cavity is fixed with respect to the
local coordinate at x = L but it moves adiabatically with respect to the global coordinate
of the wall, y = l(η) = L/a(η). The boundary conditions imposed on the electric field at
the cavity’s walls are
E[η, y = 0] = 0 , E[η, y = l(η)] = 0 . (76)
Standing wave solution of the second-order partial differential equation (75) with the adi-
abatic time-dependent boundary condition imposed on the electric field, has been worked
out in a number of papers, for example, in [67–70]. It consists of a discrete spectrum of
standing waves where each harmonic can be represented as a Fourier series with respect to
the instantaneous basis
E(η, y) =
∞∑
n=1
Qn(η) sin
[
πny
l(η)
]
. (77)
This form of the solution satisfies the boundary conditions exactly.
We put (77) to the wave equation (75), multiply it with sin [πmy/l(t)] (n 6= m), and
integrate over y from y = 0 to y = l(η). It yields the ordinary differential equation for the
amplitude Qn = Qn(η) of the modes of the standing wave that reads
Q′′n + ω
2
n(η)Qn = +2H
∞∑
k=1
wnkωkQ
′
k , (78)
where the prime denotes the time derivative with respect to the conformal time η, the
(time-dependent) resonant frequencies
ωn(η) = a(η)Ωn , (79)
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Ωn ≡ πn/L is a constant frequency, and
wnk =
2
L
∫ L
0
ξ sin (Ωnξ) cos (Ωkξ) dξ , (80)
is a set of constant coefficients.
The scale factor a(η) changes very slowly due to the Hubble expansion while the frequency
of the electromagnetic oscillations in the cavity is very high. For this reason, equation (78)
can be solved in an adiabatic approximation that neglects all terms with the time derivatives
of Qk in its right side [71]. The adiabatic solution of (78) for the standing wave is
Qn(η) =
bn√
a(η)
cos


η∫
0
ωn(η)dη + φn

 , (81)
where bn and φn are constant amplitude and phase of the n-th mode of the harmonic os-
cillations. We notice that in the adiabatic approximation, the product
∫ η
0
ωn(η)dη = Ωnτ ,
where τ = t is the proper time of the Hubble observer. Therefore, the electric field in the
cavity is
E(τ, x) =
∞∑
n=1
Bn(τ) cos (Ωnτ + φn) sin
(πnx
L
)
, (82)
where we have used transformation from the global to local spatial coordinates x = ya(η) and
introduced the notation Bn(τ) = bna
−3/2 for slowly-changing amplitude of the oscillations.
Equation (82) demonstrates that the frequency of electromagnetic oscillations in a reso-
nant cavity is not subject to the Hubble expansion because the frequencies, Ωn, are constant
with respect to the proper time τ of the Hubble observer measured with the help of an
atomic clock. This theoretical conclusion has got a rather precise experimental verification
[72]. The amplitude An(τ) of the standing wave in (82) depends on time due to the Hubble
expansion through the time-dependent scale factor a = a(τ). This change in the amplitude
of the electric field is minuscule on any (practically reasonable) observational time span and
can be safely neglected.
IX. FINAL COMMENTS
1. We have build the LIC by applying the special conformal transformation (17). Com-
parison with other approaches [14, 20–23] to build the LIC in cosmology reveals that
all of them bring about the same coordinate transformation (17) in the linearized
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Hubble approximation. Therefore, there is no difference which approach is used to
build the local coordinates if the quadratic terms in the Hubble parameter are not
considered. Our approach to build LIC helps to realize that the transformation to the
local coordinates on the expanding cosmological manifold is, in fact, an infinitesimal
special conformal transformation.
2. Introducing a local physical distance xi = R(t)yi, recast (1) to the following form
ds2 = −
(
1 +H2x2
)
dt2 − 2Hxidxidt+ δijdx
idxj , (83)
which can be written down as
ds2 = −dt2 + δij
(
dxi −X idt
) (
dxj −Xjdt
)
, (84)
where vector field X i ≡ Hxi. Metric (84) is exactly the warp-drive metric that was
suggested by Alcubierre [73] to circumvent the light-speed limit in general relativity.
All mathematical properties of the warp-drive metric that have been analysed, for
example, in [74] are valid in the local coordinates (t, xi) where t is the proper time τ
of the local static observers (xi = const.), if we neglect terms of the order of H2. The
metric (83) is non-inertial but it can be converted to the flat Minkowski metric in a
neighbourhood of the coordinate origin with the help of an additional transformation
of the proper time t = τ to a local time coordinate x0 as shown in (17). The local time
coordinate x0 coincides with the proper time τ of the static observers but deviates
by a scale factor a(τ) from τ on the light cone. This is why the optical metric (29)
emerges in the local reference frame.
3. The origin of the optical metric (29) in the local frame can be tracked back to FLRW
metric (1) where we take k = 0 for simplicity. We, first, convert it to the form (83)
and, then, project it onto the null cone hypersurface which is defined in the leading
order approximation by equation x2− t2 = 0. Taking a differential from this equation
yields, xidxi− tdt = 0. We make use this differential relation along with x2 = t2 in the
warp-drive metric (83) which project it to the metric on the null cone hypersurface
ds2 = − (1 +Ht)2 dt2 + δijdx
idxj . (85)
This metric exactly coincides with the optical metric given in (29) after introducing
the scale factor a(t) = 1 + Ht and identification of the cosmological time t with the
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proper time τ of the static observers having xi = const. We remind the reader that the
optical metric (85) is valid only on the light cone that is a degenerated hypersurface
in the sense that all equations derived from (85) are valid under condition of ds2 = 0.
4. The reader can wonder if there arises birefringence of the wave vector in the optical
metric because the speed of light propagating along radial geodesics, depends on where
it moves to or out of the coordinate origin as have been discussed in Section VIIB.
To answer this question, we notice that in the local frame of the Hubble observer the
optical metric (29) yields the index of refraction, n = 1/a(τ) = 1 − Hτ . It does not
depend on spatial coordinates. Hence, a light ray moving in a particular direction will
not experience birefringence. Nevertheless, if one makes a Lorentz transformation to
another frame, moving with a constant velocity v = vi with respect to the Hubble
flow, the index of refraction becomes (we remind that c = 1)
n = 1−H
τ − v · x
1− v2
≃ 1−Hτ +Hv · x . (86)
It depends on the spatial coordinates of the light ray and, hence, birefringence will
be formally present. This is because the FLRW metric is homogeneous and isotropic
only with respect to the frame formed by the congruence of the Hubble observers. In
any other frame moving with a constant velocity vi with respect to the Hubble flow,
there is a preferred direction in space given by the velocity vector vi. This direction
determines the optical axis. The maximal difference between the two values of the
refractive index for the light rays propagating in the direction of the optical axis and
perpendicular to it, is δ = (v/c)Hτ , where c is the speed of light, and it changes
as light propagates. The birefringence effect caused by motion of the Solar system
with respect to the Hubble flow is extremely small because v/c≪ 1. There are other
reasons to expect birefringes in cosmology, for example, cause by the possible violation
of the EEP due to a pseudo-scalar fields [75]. This violation would lead to the rotation
of the plane of linear polarization of radiation traveling over cosmological distances,
the so-called Cosmological Birefringence (CB) [76]. This subject has been recently
revived by the possibility of testing for CB using the CMB polarization.
5. The analysis of EEP given in the present paper, was focused on the solar system
experiments as contrasted with pure cosmological tests. There are other possible tests
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which can be potentially conducted for testing the formalism worked out in the present
paper, for example, with binary pulsars [77]. Timing measurements establish a very
precise local frame for the binary pulsar system which is not affected by the Hubble
expansion as explained in [15]. On the other hand, we expect that the cosmological
expansion influence the time of propagation of radio pulses from the pulsar to observer
on Earth, and this effect should be seen in the secular change of the orbital period Pb
of binary pulsars of the order of P˙b/Pb = H ≃ 2.3×10
−18. This effect is superimposed
on the effect of the orbital decay due to the emission of gravitational waves by the
binary system and introduces a bias to the observed value of P˙b in addition to the
Shklovskii effect [78]. However, the orbital decay of binary pulsars with wide orbits is
negligible small, hence, allowing to observer the Hubble expansion effect in the secular
change of the orbital period.
Appendix A: Comparison with the paper “Influence of global cosmological expansion
on local dynamics and kinematics” by M. Carrera and D. Giulini
The present consensus seems to be that the Hubble exapnsion cannot be observed in any
kind of local experiments. The paper by M. Carrera and D. Giulini [14] summarizes this
point of view. We believe the consensus is premature and based on the insufficiently deep
understanding of the problem of construction of the local reference frames in cosmology
and the principles of astronomical measurements in the solar system [3]. This appendix
comments on the paper [14] with regard to the Doppler effect in cosmology as measured by
the local observers.
M. Carrera and D. Giulini [14] (see also [54]) considered the Doppler effect in the local
frame of FLRW universe. They claim that the cosmological expansion does not produce any
noticeable Doppler effect in the local radio-wave frequency measurements. Unfortunately,
they misidentified the canonical parameter λ on the light cone characteristic with the proper
time τ measured by the static observers. According to [14] the metric on the light cone
written in the local Gaussian coordinates coincides with the Minkowski metric at any instant
of time τ measured along the light-ray path by the static observers. This is impossible due
to the specific mathematical structure of the local conformal diffeomorphism as we have
explained in section (V).
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Moreover, Carrera and Giulini [14] did their calculation of the Doppler shift not in the
reference frame based on the local static observers but in the reference frame based on
congruence of the Hubble observers. We notice that there is no any practical way to ma-
terialize the local frame with the Hubble observers which remain an abstract mathematical
construction in the solar system as contrasted to the static observers materializing the nor-
mal Gaussian coordinates in the local frame which we built in section IV. Nonetheless, it
is possible to derive the Doppler shift for the Hubble observers from a pure mathematical
point of view. It is clear that the result for the Doppler shift measured by these observers,
will be a standard (red shift) formula employed in cosmology for distant quasars [12]
ω2
ω1
=
a(τ1)
a(τ2)
= 1−H(τ2 − τ1) . (A1)
The last term in right side of (A1) differs from our (blue shift) formula (54) for the Doppler
shift in the local frame by sign because it refers to the different set of observers. Making use
of tetrad formalism, Carerra and Giulini extrapolated (A1) to the local frame of the static
observers, which move with respect to the Hubble observers with the (negative) velocity of
the Hubble flow. It introduces to (A1) an additional term – a kinematic Doppler shift of
a special relativistic origin – which cancels the Hubble red shift term in the right side of
(A1). It made Carerra and Giulini convinced that the Hubble expansion does not affect the
frequency of light in the local frame.
This part of the calculation in [14] is formally correct but it does not distinguish between
the value of the local time coordinate x0 = τ taken at the point of emission of light and the
value of this coordinate at the point of reception which is lying on the light cone, and hence,
for the light reception point x0 =
∫
a(τ)dτ = τ+(H/2)τ 2 as we showed in section V. Carrera
and Giulini interpreted the local time coordinate x0 on the light cone as equal to the proper
time τ for both the emitter and the receiver of light but this is not a valid procedure as the
coordinate time x0 coincides with the proper time τ only for static observers but behaves
differently as a function of τ for moving particles. The appropriate relation between the
local time coordinate x0 and the proper time τ on the light cone is what Carerra and
Giulini have been missing. Correct parametrization of the light ray trajectory with the
parameter x0 = τ + (H/2)τ 2 made in addition to the tetrad transformation, converts (A1)
to our equation (54) predicting the existence of the blue frequency shift of light measured
in cosmology by the static observers.
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Because Carrera and Giulini used the reference frame based on the Hubble observers,
they found out that the radar distance ℓ between the Hubble observers is affected by the
Hubble expansion and changes as time goes on [54, Eq. 23]
dℓ
dτ
= 1 +Hτ ; . (A2)
This is again a standard result of cosmological theory [12] which is inapplicable to the local
astronomical measurements conducted by reference observers being at rest in the local frame.
As we showed in section VIIB, the radar distance ℓ = r−Hr2 between the static observers
does not change as the universe expands because the coordinate distance r between the
static observers does not change.
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